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interpreted as an image of the Fermi surface along~110!,
then according to Reinhardet al.10 t50.94. Using this value
and e/a51.25 yields, using the Sato-Toth model, th
ground-state structure with periodM;2. While highly sug-
gestive, such Hume-Rothery concepts focus but on one p
of the total energy of the solid~the sum( i

eFe i of single-
particle energies up to the Fermi level!, neglecting interelec-
tronic ~Coulomb, exchange, and correlation! and ionic terms.
Also, the atomic size-mismatch-induced strain~encoded in
the full total energy! is neglected. It is important to empha
size that this approach does not predict the stable struc
~out of many possible candidate configurations!, but rather
assumes it at the outset. Already early experimen
studies13,14 found deviations from ideal Hume-Rothery b
havior in Cu-Zn; e.g., Mo¨ssbauer investigations13 reported a
stronger increase in the electron density ofa-brass~fcc solid
solution! than in that ofb-brass~CsCl structure!, when pres-
sure is applied, while according to the Hume-Rothery ru
the opposite should be true, because the number of o
electrons per atom is higher inb- than ina-brass.

More quantitative attempts to predict the structure ofa-
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FIG. 1. Cluster expansion fit
for a-brass. The compounds ar
sorted by superlattice direction
and composition. Compound
marked by an asterisk are not in
put structures of the cluster expan
sion fit, but represents predictions
While the ‘‘average fit error’’
gives the standard deviation o
cluster expansion formation en
thalpies of input structures, the
‘‘average prediction error’’ repre-
sents the standard deviation of a
predicted structures. The ‘‘maxi
mum error’’ is the largest devia-
tion between the cluster expansio
and LDA values.
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III. RESULTS

A. TÄ0 ground-state structure of fcc Cu0.75Zn0.25

Figure 2 shows the lowest-energy structure obtained
MC-simulated annealing of our LDA energy functional
Eq. ~1!, out of about 1015 600 possible configurations. Th
structure can be identified as DO23 (Cu6Zn2), also pointed
out by Reinhardet al.10 and Turchiet al.21 This structure is
described in Table I. It can be viewed as a superlattice
tweenL12 and a translatedL12 structure (L128), shown in
Fig. 3: DO23 can be constructed fromL12 by forming an
antiphase boundary after every two lattice constants in@001#
direction; i.e., the modulation periodM of the structure with
respect toL12 is M52. This modulation wavelength can b
noted by viewing our ground-state structure as shown in
lower part of Fig. 2. Table II compares the pair- a
multibody-correlation functions found by our ground-sta
search and those for an ideal DO23 structure. They are iden
tical, proving that the found ground-state structure is inde
DO23. This predicted structure was not observed experim
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tally as an ordered phase in Cu3Zn, presumably because
disorders at low temperatures~see Sec. III D!.

B. Energetic stability of the TÄ0 ground state
and its competing structures

Our calculation reveals delicate energy balance betw
the various Cu3Zn competing phases:

M50, DH~random!5255.0 meV/atom,

M51, DH~DO22!5277.1 meV/atom,

M52, DH~DO23!5288.1 meV/atom,

M53, DH~LPS3!5287.2 meV/atom,

M5`, DH~L12!5287.4 meV/atom. ~8!

We see that the energy difference between DO22 (M51)
and L12 (M5`) amounts to only 11 meV/atom. Turch
4-4
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et al.21,22 used the lowest order in the generalized pertur
tion method~GPM! to calculate the energy difference b
tween the simplest LPS, DO22, and L12. The model was
restricted to six pair interactions and no multibody intera
tions were taken into account, leading to an energy diff
ence of about 24 mJ/m2 ~Ref. 22! betweenL12 and DO22.
Our corresponding LDA value is 22.8 mJ/m2, in excellent
agreement with the GPM result.

Since the formation enthalpies for
-

-
r-
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DO
TABLE II. Pair- and multibody-correlation functions resulting from the ground-state search
Cu0.75Zn0.25 via Monte Carlo annealing. As can be seen, the values found are identical to those of23,
identifying this compound as low-temperature ground ofa-brass.

PAIR-IA P i
pair(DO23) P i

pair(MC) MB-IA P i
mb(DO23) P i

mb(MC)

J1 0.0000 0.0000 J3 0.5000 0.5000
J2 0.8333 0.8333 K3 20.3333 20.3333
J3 0.1667 0.1667 L3 0.3333 0.3333
J4 0.6667 0.6667 M3 20.5000 20.5000
J5 0.0000 0.0000 J4 21.0000 21.0000
J6 0.5000 0.5000 K4 20.1667 20.1667
J7 0.1667 0.1667 L4 20.8333 20.8333
J8 0.6667 0.6667
J9 0.0000 0.0000
J10 0.3333 0.3333
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temperature ground state ofa-brass, the discussion abo
makes clear that a consideration of fewer than ten pair in
actions would lead to an incorrect answer:L12 would then
be the low-temperature ground state of Cu3Zn, in disagree
ment with experimental SRO studies.10 Furthermore, we se
that a consideration of at least 15 pair interactions is ne
sary to reach convergence in the energy differences bet
the structures withM52, M53, andM5`. Actually, the
consideration of such a large number of interactions dis
guish our approach from earlier theoreti
investigations15,16,20–22on a-brass.
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C. Comparison of TÄ0 long-period structures of Cu3Zn
and Cu3Pd

Figure 6 compares the energies of the long-period su
latticesEM vs M for Cu3Zn and Cu3Pd. Values for Cu3Pd
are taken from Luet al.36 In excellent agreement with th
LDA calculated formation enthalpies of Cu3Zn ~shown as
open squares! our prediction locates a minimum forM52,
corresponding to the DO23 structure. Luet al.36 found for
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the
Cu3Pd theM53 structure as the most stable structure of
LPS group. It is interesting to note that following the wo
by Sato and Toth,12 a modulation wavelengthM54 is ex-
pected for Cu3Pd instead of the LDA valueM53: The use
of a ratio t50.94 ~already introduced in Sec. I! and e/a
50.75 for Cu3Pd gives e/a50.70 for M53, but e/a
50.74 for M54.

Since in Cu3Zn the T50 stable structure isM52,
whereas in Cu3Pd it is M53, we expect to see ‘‘finger
prints’’ of these differences on the SRO diffuse scatteri
Since the fundamental reciprocal space wave vector of lo
periodic superlattices is given byk5^1 1/2M 0& with M be-
ing the modulation wavelength~see, e.g., Refs. 36 and 37!,
SRO peaks should appear at different positions in the diff
scattering patterns of Cu3Zn and Cu3Pd. While Cu3Zn with
DO23 (M52) as ground state should show SRO intensit

at k5^1 1
4 0& and symmetrtically equivalent positions~in

agreement with the observation!, Cu3Pd with LPS3 (M
53) as ground state should show SRO intensities ak
5^1 1

6 0& and symmetrtically equivalent positions. This
discussed in Sec. III E.

D. Finite-temperature boundary between the ordered low-
temperature structure a8 and the disordered alloya

We next study finite-temperature effects. The solid line
Fig. 7 shows our calculated phase diagram, delineating
orderedM52 superlattice from the disordered alloy. Th
phase boundary can be identified by Monte Carlo–simula
annealing, recording the specific heatcV as a function of
temperature. Being the response function of the energycV
e

.
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has a maximum at the critical temperatureTc . Repeating the
annealing process for different concentrations leads to



er
dEord(no-strain)5@DHDO23
2ECS~DO23!#

2@DHSQS14a2ECS~SQS14a!#

5239.4 meV/atom.

So neglecting strain leads to a more negative ordering en
and, therefore, to a more stable DO
gy
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important. ForxZn50.20, the SRO peaks are no longer e

actly on @1 1
4 0# positions, but are displaced to@1 1
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with that obtained from the Monte Carlo simulations of o
LDA cluster expansion. Unlike our calculation, the patte
resulting from the concentration wave calculation show
number of satellite spots aroundk5^16e, ; 1

4 , 0& which
might lead at low temperatures to ordering of a differe
structure than we find (DO23;M52). Unfortunately, Turchi
et al.21 did not anneal their alloy in order to determine t
corresponding ground-state structure, so a direct compar
with our predicted low-temperature phase is not possible

F. Appearance of Zn chains ina-brass

Real-space imaging of the measured SRO in hi
temperature quencheda-brass showed@001# chains of Zn
atoms.10 As discussed by Reinhardet al.,10 these chains are
direct consequence of the observed SRO behavior of the
tem: While all SRO parameters described by (lmn)
5(2n;0;0) arepositive ~see Table III!, all SRO parameters
described by (2n21;1;0) arenegative. This should lead t
chains of Zn atoms along the@001# direction. The authors
studied this assumption using an fcc model crystal wh
was fitted to the experimental SRO parameter of Table
Figure 12 gives a comparison between the real-space s
ture deduced from experiment10 and from our parameter-fre
model: In both cases, chains of Zn atoms are visible al
@001#, indicating that short-range order is essential for
quantitative correct description of the physical properties
the disordered solid solution ofa-brass.

G. Effect of SRO on the mixing enthalpy

Figure 13 compares experimental mixing enthalpies
function of Zn concentration with earlier theoretical stud
for the random alloy; i.e., no SRO is taken into account. T
experimental values were taken from Ref. 4 and were m
sured atT5773 K. As discussed in the Introduction, Fig. 1

FIG. 12. Visualization of a~100! plane ofa-brass~cut through
the crystal! for T5473 K. While the left picture results from a
model crystal based on diffuse neutron scattering experiments~Ref.
10!, the right picture is the result of MC simulations usingDHCE .
In both cases, chains of Zn atoms along@001# can be seen, indicat
ing that SRO is present and, therefore, the observed solid solu
cannot be described by a random alloy.
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clearly shows that charge transfer is making a big effect
the results. It can be seen that the corrected CPA of John
and Pinski20 agrees very well with experiment, althoug
SRO is neglected in the calculation. In order to study
influence of SRO on the mixing enthalpy, Fig. 14 compa
DHmix(x,T) for different temperatures, starting from the ra
dom alloy (T→`) and cooling down to temperatures whe
SRO sets in. Comparing the energy curves for the rand
and the disordered alloy, we see that the calculation negl
ing SRO leads to much higher mixing enthalpies. Moreov
it can be seen that especially for higher Zn concentrati
good agreement between experiment and calculated mi
enthalpies can only be reached, if SRO is taken into acco
We do not have an explanation why the CPA calculatio
shown in Fig. 13 lead to reasonable mixing enthalpies w
out consideration of SRO.

The observed decrease ofDHmix with decreasing tem-
perature can be discussed in terms of individual effect

on

FIG. 13. Comparison of mixing enthalpies resulting from e
periment~Ref. 4~
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cluster interactions. For this purpose, we chose a conce
tion xZn50.3 and study the contribution of each cluster pro

ability P̄ f as a function of temperature. Going back to F
4~b!, we see that the first pair interactionJ1.0 is ‘‘antifer-
romagnetic’’ ~Cu-Zn attraction! while the second and third
interactionsJ2 ,J3,0 are ‘‘ferromagnetic’’ ~Cu-Zn repul-
sion!. We find that the decrease inD
ra-
-
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